Abstract. Let G be a finite group and A, B and D be conjugacy classes of G with D ⊆ AB = {xy | x ∈ A, y ∈ B}. Denote by η(AB) the number of distinct conjugacy classes such that AB is the union of those. Set C G (A) = {g ∈ G | x g = x for all x ∈ A}. If AB = D then C G
Introduction
Let G be a finite group, A ⊂ G be a conjugacy class of G, i.e. A = a G = {g −1 ag | g ∈ G} for some a in G. Let X be a normal subset of G, i.e. X g = {g −1 xg | x ∈ X} = X for all g ∈ G. We can check that X is a union of n distinct conjugacy classes of G, for some integer n > 0. Set η(X) = n.
We can check that given any two conjugacy classes A and B of G, the product AB = {xy | x ∈ A, y ∈ B} of A and B is a normal subset of G. Then η(AB) is the number of distinct conjugacy classes of G such that AB is the union of those classes.
Denote by C G (X) = {g ∈ G | x g = x for all x ∈ X} the centralizer of X in G. If G is a solvable group, denote by dl(G) the derived length of G. Let Z(G) be the center of the group G.
In this note, we are exploring the relations between the structure of the group G and the product AB of some conjugacy classes A and B of G. More specifically, we are exploring the relation between the derived length of some section of G and properties of AB.
Given a finite solvable group G and conjugacy classes A and B of G, is there any relationship between the derived length of G and η(AB)? In general, the answer seems to be no. For instance A{e} = A for any finite group G and any conjugacy class A of G. Thus η(AB) may not give us information about dl(G), but it does give us a linear bound on the derived length of a section of G, namely on the section
Theorem A. Let G be a finite group and A, B be normal subsets of G. Then
Given any integer m > 0, we show in Example 2.1 that there exists a nilpotent group G with conjugacy classes A, B and D such that
) is abelian, its order is unbounded and even the number of distinct prime divisors is unbounded.
Theorem B. Let G be a supersolvable group, A, B and D conjugacy classes of
We now mention the "dual" situation for characters, where the "dual" of a conjugacy class A is an irreducible character χ and the "dual" of the the Kernel Ker(χ) of χ is the centralizer C G (A) of A. Let Ξ and Ψ be complex characters of G. Since any product of characters is a character, ΞΨ is a character of G. Thus it can be written as an integral linear combination of irreducible characters of G. Let η(ΞΨ) be the number of distinct irreducible constituents of the character ΞΨ. In Theorem A of [4] , it is proved that there exist universal constants c and d such that for any solvable group G, any irreducible characters χ, ψ and θ such that θ is a constituent of χψ, we have that dl(Ker(θ)/(Ker(χ) ∩ Ker(ψ))) ≤ cη(χψ) + d.
In Theorem A of [7] is proved that given any supersolvable group G and any conjugacy class A, we have that dl(G/C G (A)) ≤ 2η(AA −1 ) − 1. We conjecture in [7] that there exist universal constants q and r such that for any solvable group G and any conjugacy class A of G, we had that dl(G/C G (A)) ≤ qη(AA −1 ) + r. In light of Theorem B and because of the "dual" situation with characters, namely Theorem A of [4] , we wonder the following Conjecture C. There exist universal constants r and s such that for any solvable group G, any conjugacy classes A, B and D of G such that D ⊆ AB, we have that
We will show in Theorem 2.3 that the previous conjecture has an affirmative answer if and only if Conjecture of [7] has an affirmative answer. We would like to point out that there are several examples of "dual results" between products of conjugacy classes and products of character. For example, see [9] , [2] and [8] , [3] and [5] . However not every result in products of characters has a "dual" result in conjugacy classes, see for instance Section 3.
In Section 4 we provide an example of a property in a conjugacy class A of G that bounds the nilpotent class of G/C G (A), and therefore it bounds the derived length of that section.
Proofs
Notation. Let G be a group, X be a subset of G and
Proof of Theorem A. Write N = C G (AB) and C = C G (N ) so AB ⊆ C. Let a ∈ A, b ∈ B and g ∈ C. Then ab and ab g lie in AB, and so lie in C, and since C is a subgroup, it follows that b G . Also
Definition 2.2. Let F (n) be a nondecreasing function defined on the natural numbers. A group G is good for F if for every conjugacy class A of G, the group G/C G (A) is solvable with derived length at most F (η(AA −1 )).
In Theorem A of [7] , it is proved that F (n)
) is solvable with derived length at most 1 + F (η(AB)).
Proof. Let N = C G (D), and observe that C G (A) ∩ C G (B) ⊆ N . It suffices to show that both N/(N ∩ C G (A)) and N/(N ∩ C G (B)) have derived length at most 1 + F (η(AB)). We will prove the required length inequality for N/(N ∩ C G (A)); the other inequality follows similarly.
Let C = C G (N ) and, using the standard bar convention, writeḠ = G/C. Since D ⊆ C, we see that the identity is an element ofĀB. AlsoĀ andB are conjugacy classes ofḠ, so they must be inverse classes. By Lemma 2.5 of [5] we have that η(ĀB) ≤ η(AB), and so by hypothesis we have then −1 ) ). Now C G (A) ⊆ K and so it will be enough to show that N ∩ K/(N ∩ C G (A)) is abelian, yielding the desired derived length bound for N/(N ∩ C G (A)). Since F (n) = 2n−1 is good for supersolvable groups (Theorem A of [7] ), Theorem A follows from the previous result.
Thus dl(G/K) = F (η(ĀĀ −1 )), where K is the preimage in G of CḠ(Ā)). It follows then that dl(N/(N ∩K)) ≤ F (η(ĀĀ
Now K centralizes A modulo C, so [ a , K] ⊆ C and [ a , K, N ] = 1 for a ∈ A.
Conjugacy class sizes
Fix a prime p. Let G be a finite p-group and A be conjugacy classes of G. In Theorem A of [5] , we proved that if |A| = p n for some integer n, then η(AA −1 ) ≥ n(p − 1) + 1. Thus, in the particular case that G is p-group, there is a relation between the size of A and η(AA −1 ). We want to point out a "dual" result in character theory, where the "dual" of a conjugacy class is an irreducible complex character χ and the "dual" of the inverse of a conjugacy class is the complex conjugate character χ of χ, where χ(g) = χ(g) for all g ∈ G. More specifically, in Theorem A of [3] is proved that if G is a p-group, χ is an irreducible character of G and χ(1) = p n , then the product χχ of χ and χ has at least 2n(p − 1) + 1 distinct irreducible constituents, i.e η(χχ) ≥ 2n(p − 1) + 1.
In Theorem A of [1] is proved that if χ is an irreducible character of a solvable group G with χ(1) > 1, then χ(1) has at most η(χχ) − 1 different prime factors. If, in addition, G is supersolvable, then χ(1) has at most η(χχ) − 2 prime factors. Is there any "dual" result in conjugacy classes as Theorem A of [1] in characters? In other words, Question 3.1. Does it exist a function f : Z → Z such that for any solvable group G and any conjugacy class A of G, we have that |A| has at most f (η(AA −1 )) different prime factors?
The answer is no, such function can not exist. More specifically, Example 3.2. Let p be a prime and P be a group of order p. Let G be the group of order p(p − 1), where P ⊳ G and G/P induces on P the full group of automorphisms of P . Then P contains just one nontrivial conjugacy class A of G, namely A = P \ {1}. Observe that AA −1 = P and so η(AA −1 ) = 2. Also P = C G (A), and thus |G/C G (A)| = p − 1. This is obviously unboundedly large, and by a result of Erdos [10] , it has unboundedly many prime factors.
Remark. Let G be the group as in the previous Example. Let λ be an irreducible character of N . Then λ is a linear character and the induced character λ G is an irreducible character of degree p − 1. Set χ = λ G . We can check then η(χχ) = p, namely the irreducible constituents of χχ are χ and all irreducible character with kernel containing N . Since n − 1 ≤ 2 n−2 for any integer n > 0, then p − 1 has at most p − 2 distinct prime factors.
Conjugacy classes and nilpotent class
Let Z 1 (G) = Z(G) be the center of the group G and by induction define the i-center of G as
The following is a well known result. Remark. Let G 1 = C 2 ≀ C 2 be the wreath product of C 2 by C 2 , where C 2 is the cyclic group of order 2. Thus |G 1 | = 8 and G 1 is non abelian. Let a 1 ∈ G 1 \ Z(G 1 ). We can check that a 1 G1 = aZ(G 1 ) and G 1 /C G1 (a G1 1 ) is abelian and so it is nilpotent of class 1.
Let N = G 1 × G 1 and a 2 = (a 1 , a 1 ) in N . Observe that C 2 acts on N by permuting the entries. Set G 2 = C 2 N . We can check that a G2 2 ⊂ a 2 Z 2 (G 2 ) but a G2 2 ⊂ a 2 Z(G 2 ), and G 2 /(C G2 (a G2 2 )) is nilpotent of class 2. The author wonders if given any integer m > 2, we can find a group G with an element a ∈ G such that a G ⊆ aZ m (G) and G/C G (a G ) is nilpotent of class m.
